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Appetizer... Eigenvalue decomposition

K is aregular m x m matrix
Ko; = i~ s € R, ¢p; € R™ Is K's eigen system
Let p be a polynomial : (e.g. p(K) =1+ K +2K?)

ec R™ How to bound |lex]|| := [|[p(K)e|| ?
Ip(K)ell = |[p(K) ) (e di)o
=1
— Z<e7¢z>p(K)¢z
=1
= D (e, ¢i)p(i)bi

=1
< sup () (Z e, ¢
Z m 1
< SUP p( 14 |Z< < Ip(e*)||lell
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Appetizer...

K is aregular m x m matrix

Eigenvalue decomposition

Ko; = i~ s € R, ¢p; € R™ Is K's eigen system
Let p be a polynomial : (e.g. p(K) =1+ K +2K?)
ecR™ How to bound |lex]|| := ||p(K)e|| ?
Ip(Kell = |p(K)) (e pisabasis:e =) (e, ¢:)¢;
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= 1) (e, ¢i)p(pi) s K¢i = pi¢i
1=1
< s o) (Z e, i)
) m —1
SR |Z<e ¢i) < lpSlllell - (u" == argmax|p(y;)|)
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Road map

Risk R(f,)

the minimal residual algorithm

semi convergence
the theorem
proof strategy

from risk to vector
"small" eigen values

"large" eigen values

bound of the empirical cost

10 15 2 iterations PAC result

there exists an increasing sequence p/.(0) such that
VR(fi) — R(t) < o T bpe(0)] 4 ¢
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Efficent Krylov subspace algorithm

Ka=y min ||Ka -yl

acR™
1=1
The minimum residual algorithm
( (1) o — a1+ apd, polynomial p, (A), k=5
{ (2) Ik = y— Kog p’, (0)
L (3) drt1 = ri+ bedg
The polynomial interpretation
ar = q-1(K)y  me=pe(K)y
r, =y — Kar = pp(K)=1—-Kqp_1(K) O )\1\//\/"

0 1
Qp € Span{Y7 KYv K2Y7 ceey Kk_ly}
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Semi-convergence result

Framework
t(z) = IE(Y|X = z) is the target function, R(¢) = IE((¢(X) — Y)?)
H is a R.K.H.S. with kernel &, find in H a regularized solution of :
Tf=y&s Ka=y K, =k(xi,X;)
It =y, Koy =y
use MR algorithm to generate a sequence oy = qx_1(K)y , with
pe(K) =1—Kqp1(K)
back to the solution : fi(.) = T*ar = > .- | akik(z;, .)

Theorem (semiconvergence of the MR algorithm)

If there exists some vector w such that o; = Kw, (if the target function is regular)
then

a

\/R(fk) - R(t) S —|_ b‘p/ (O)| —|_ C polynomial pk()\),k=5
P ()] " »
a=|T*|| |||
b=3|T*|| Remp(t)
¢ = 2ol + [t — 7 el

0 1
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Proof strategy  /R(f) — R(t) < i + 0lpi(0)] + ¢

| (

1 from the risk R(fy) to the vector oy with T*a; = t*

VR(fr) = R(t) < [Ifs —t]| < dllaw — |+

2 the cutting trick
split ||a, — ai| in two parts with small and large eigen values

3 control the small eigen values
CRITIC part

4 control the large eigen values term by

éRemp(fk:)

5 control Remp(fx)
BONUS - PAC bounds because H is Glivenko-Cantelli
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Prove that: /R(fx) — R(t) < oy 0P (0)] + ¢

R(fx) - R(t) = E(f(X)-Y)?-E#X)-Y)?
= E(fie(X)?-2f(X)Y +Y2 —t(X)?+2t(X)Y —Y?
= IE(fi(X)? = 2fi(X)H(X) — t(X)? + 2t(X)H(X)
= IB(fr(X)? - 2fp(X)t(X) + 1(X)? = || fr —t[I?

let define t* the projection of t onto the domaine of T, i.e. Ja; € IR™ such that
=T*oy and Tt* =Tt = y;.

| fe — ] fo =+ (lt7 = 2]
T*ay, — T as|| + |[t* — ¢

T\l lek — el + {127 — 2]

VAN VAN VA

we have

VER(fi) = R(t) < NT*|| law — el +[[t* — ¢

~
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The cutting trick

Ko¢; = p;;, assume 0 < py < ... < i, < 1and [|¢;]]?2 =1,

m

m m 2
Ve € R™, [le]|> = [le]| = || im (e g =) (e )’
=1
Let take an e such that 0 < ¢ < m. Assume p; < e < fij11
k

1

N

2

J n
g — || < Z Qg — Q) 7;)2J +1 ) (o — Olt)TQbi)zj
1=1 1=7+1 g

small elgenvalues large eigenvalues

polynomial pk()\), k=5
P, (0)
0 —_— ———
uj 1 l'lj+1\/
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Bounding the "small" eigenvalues

gissuchthat 0 < e < FAO] (O)| By hypothesis Kw = oy
Let define oy = qi_1(K )yt (recall that o = qr_1(K)y)
ap — O = qk—l(K)y — Qk—l(K)yt and a; — oy = Qk—l(K)yt — O = Qk—l(K)KOét —

|

E

1

(o —a) T 9)2 = (Z ap — ot + o — o) qbz)

N[~

< (Z((Qk LK) (y —yt) | ¢i)? +(Z(pk(K)at)T¢i)2>
=1
< qr(p’) (Z((yyt) i ) +<Z )2>
=1 1=

1
< |pk(0)] (Z((yyt) ) +€(Z )

1=1 1=1
1
el

< |p}(0)|Remp(t) + P (0)]
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tedious technical points

VA€ [0,e],A <e=pr(AM)A <esince pi(N) <1

;rr\]c(i:e e < Ak, pr(A) is convex in the interval [0, ] and p,(0) =0
e am =2 <)
polynomial p, (A), k=5 or = g (K)y
p’ (0) ri, = pr(K)y
r, =y — Koy

— pp(K) =1 — Kqx_1(K)

0 —~—
ifs—" = pr(n) = 1 = g ()
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Bounding the "large" eigenvalues

the solution Ko = y and the computed sequence Ko, = y;

1
2

J > (e —ar)T9i)? = ( > (K lyy —K1Yt)T¢i)2)

i=j+1

1=35+1
< ( > ((yw Yt)T¢z)2)
1=7+1
< % ( > ((w Y)T¢i)2> + = ( > ((yyt)T¢i)2>
1=7+1 1=7+1
< %(Remp(fk) + Remp(t))

the empirical risk has to be controled as well
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Controling the empirical risk

Theorem (Convergence rate of the empirical cost for the minimal residual
error Krylov space iterative algorithm)

Let fi. be the sequence of functions given by the MR algorithm p;. the associated
residual polynomial ¢ the target function and

if 3t* € ‘H such that Tt* = y; and Koy = y;

then

Remp(fx) < Remp(l) +

proof Remp(fi) = Iy — Kokl

Pk (K )yl

Pk (K)(y — ye + ye) |

Pk (K) (y — yo)ll + [Pk (K)yel

[pe (F)[ly — yell + llpa (K) Kt || < Remp(t) +

IA A

2
Py (0)]

et ]

Needs to prove that [|px(K)|| < 1 and [|px(K) K|l < gy,
k
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Conclusion

learning is ill posed

regularize!
choose pointwise functions H € R
transform function to vectors
use one regularization mechanism
penalization
subspace selection
iterative method

use iterative algorithm early stopping to regularize
it's fast
It's generic
it’'s accurate : good empirical results
there is semiconvergence proof
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