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Road map

5 10 15 20 #iterations

Risk R(f
k
) the minimal residual algorithm

semi convergence
the theorem
proof strategy
from risk to vector
"small" eigen values
"large" eigen values

bound of the empirical cost
PAC result

there exists an increasing sequence � ��� �� �

such that

� �� � � 	 � ��
 � � 
� � ��� �� � � � � � � ��� �� � � ���
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Efficent Krylov subspace algorithm

��� � � � ���
� � 	
 �

� ��� � � � 


� �



�$# %
� � � � with

� �� � � ��� � �� � � � �
The minimum residual algorithm

�
�����

�����
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� � !� � � � ��� �

�" � �� # % � !� � $� ��

The polynomial interpretation
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Semi-convergence result
Framework

� � � � � 	� � � . � � � � is the target function,

� � � � � 	� � � � � � � � � � 
 �

�

is a R.K.H.S. with kernel 	, find in

�

a regularized solution of :


 � � � 
 ��� � � �� � � 	 ��� �� � � �


 � � ���� ��� � � ���

use MR algorithm to generate a sequence � � � %� � % � � � � , with

�� � � � � ( � � %� � % � � �
back to the solution :

�� � * � � 
 0 � � � � 
�$# % � � � 	 � � �� * �

Theorem (semiconvergence of the MR algorithm).......................
If there exists some vector � such that � � � � �, (if the target function is regular)
then � � � �� � � � � � � ( �

. � �� � � � . � $ . � �� � � � . ���

� � � 
 0 � � � �

$ � " � 
 0 � �

emp
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Proof strategy

� �� � � � � ��� � � �
. � �� � � � . 	 
 �
� � � �� � � 	��

1 from the risk

� � �� �

to the vector � � with


 0 � � � � 0

� � � �� � � � � � � ( � �� � � � ( � � � � � � � � � � $ �
2 the cutting trick

split

� � � � � � �

in two parts with small and large eigen values

3 control the small eigen values
CRITIC part

4 control the large eigen values term by

�
�

�
emp

� �� �

5 control

�

emp

� �� �

:
BONUS - PAC bounds because

�

is Glivenko-Cantelli
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Prove that :

� �� � � � � ��� � � �
. � �� � � � . 	 
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� 0

the projection of

�
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 0
, i.e.
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 �

such that

� 0 � 
 0 � � and


 � 0 � 
 � � �� .
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 0 � � � � � � � �
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� � � 0 � � �
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The cutting trick

� ��� � � � ��� , assume

� � � % � * * * � � 
 ( �

and
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Bounding the "small" eigenvalues

� is such that

� � � ( %
��� ��� �	 
 � . By hypothesis

� � � � �

Let define

�� � � %� � % � � � �� (recall that � � � %� � % � � � �)

� � � �� � � %� � % � � � � � %� � % � � � �� and
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� � � ��� �� � � !
emp

�" � � #
� � ��� �� � � $ � $
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tedious technical points

�� � �� � � � � � � � � � � � � � � � � since � � � � � � �
and
since � 	 � # � , � � � � �

is convex in the interval

�� � � � and � � �� ��
 �

�� � �� � � � � � � � � ��

� 	 � � � � �

� � � � �� �� � �

0 1

0
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� � �� � � � � ! � � ���� � � � �
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Bounding the "large" eigenvalues

the solution

��� 
 � and the computed sequence

��� � 
 � �

������
�
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� � � � � � �� �� � �

�
�

�
�
	 �� �

� �� � ��� � � � � � � � � ��� �� �
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� �� � � � � � ��� �� �
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� �� � � � � ��� �� �
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emp

�	 � � � !

emp

�" � 


the empirical risk has to be controled as well
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Controling the empirical risk

Theorem (Convergence rate of the empirical cost for the minimal residual . .
.. . . . . . . . error Krylov space iterative algorithm)

Let

�� be the sequence of functions given by the MR algorithm �� the associated
residual polynomial

�

the target function and
if

� � 0 � �

such that


 � 0 � �� and

��� � � ��

then

�

emp

� �� � ( �

emp

� � � �
 

. � �� � � � .
� � � �

proof

!

emp

�	 � � � $ � � � � � $

� $ � � �� � � $

� $ � � �� � �
� � � � � � � � $

� $ � � �� � �
� � � � � $ � $ � � �� � � � $

� $ � � �� � $ $ � � � � $ � $ � � �� � � � � $ � !

emp

�" � � �
� � ��� �� � � $ � � $

Needs to prove that

� �� � � � � ( �
and

� �� � � � � � ( 

��� ��� �	 
 �
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Conclusion

learning is ill posed

regularize !
choose pointwise functions

� � 	
 �

transform function to vectors
use one regularization mechanism

penalization
subspace selection
iterative method

use iterative algorithm early stopping to regularize
it’s fast
it’s generic
it’s accurate : good empirical results
there is semiconvergence proof
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