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Plan

B Efficient computation requires sparsity
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Example: the (linear) Ridge Regression

» problem:  min |y — Xg|2+ X ||5]?
BeR?

» solution: BA) = (XX + M)t XTy
| is the identity matrix

S={B(\) | A€ [0,00[}

also called the solution path
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1D Ridge Regression in the costs domain

the Loss term L as a function
of the penalty term

(xiB—yi)? + A B

L(B) = Z(Xiﬂ—yi)2 &

:1 of
2 o 2
P(B) =8 “
Figure: regularization path as a
L( P) =aP + b\/I_D +c function of the criteria L and P.
a,bandc € R

e
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Laboratoire d'Informatique, de Traitement de Ulnforma et des Systéme:

Ridge Regression and dominance

dominance

a vector 7 dominates another
vector 2 if L(1) < L((2) and
P(61) < P(52)

it is the set of all non
dominated solutions

1B I

Figure: dominated point (red),
non dominated point (purple) and
Pareto frontier (blue).

Pareto frontier < Reg. path

niversite
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3 equivalent formulations

min [ly — X8>

1B 1P
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3 equivalent formulations

st. B2 <C

181
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3 equivalent formulations

st IBIR<C |

iy 18112
st ly—XB|? < ¢ it works for CONVEX criterial

e A s
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the importance of being convex

Conclusion

000000

Pareto frontiel
Lagrangian

L@ = lIxa - yA L@=lXa-yfl

in the non convex case

the 3 formulations are not equivalent
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Conclusion

000000

so far...

» the regularization path is the Pareto frontier
» beware the non convex case

» it works for more than 2 criteria
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so far...

Conclusion

000000

» beware the non convex case

‘it works for more than 2 criteria
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so far...
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so far...

» it works for more than 2 criteria

what for?

to tune (efficiently) the regularization parameter \
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Plan

B The L, regularization path and its Pareto frontier
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How to tune the regularization parameter \?

» warm start

Bk = ®(Bk—1) (using ¢ conjugate gradient iterations)

ot &
o e s
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How to tune the regularization parameter \?
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000000

Computation
0000000000

o 000000000
Laboratoire d'Informatique, de Traitement de Ulnformation et des Systémes

How to tune the regularization parameter \?

L2 case

> warm start + prediction step
/31((") = Bk—1+ pVa(L(Bk=1) + \cP(Bk=1)) (prediction step)
Bp. = ¢(ﬂ,((p)) (correction step using conjugate gradient)

0(K€’n2)
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How to tune the regularization parameter \?

> warm start + prediction step
/31((") = Bk—1+ pVa(L(Bk=1) + \cP(Bk=1)) (prediction step)
Bp. = ¢(ﬂ,((p)) (correction step using conjugate gradient)

(’)(Kﬂ’nz)

» use only the prediction step!

Bk = Bk—1+ MWV(Bk—1) (prediction step)
to do so the regularization path has to be piecewise linear

O(an)
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one cost is piecewise quadratic
and the other one piecewise linear

Solution path is linear <

ISR VL(B()) + AVP(B() =0
VL(B(A+¢€) +(A+e)VP(B(A+¢)) =0

3. use Taylor expantion

lim w —[V2L(B(N)) + AV2P(B(\)] T VP(B(N)

V2L(B(N\)) = constant and V?P(B()\)) =0

o [
A Alim> Hinsn



L2 case Computation Algorithms C s
000000 0@0000000 0000000000 000000
Laboratoire d'Informatique, de Traitement de Ulnformation et des Systémes

Piecewise linear regularization path algorithms

* Table: 'eém'prlre‘of pie'c'erwisé' linear regulai'zat'iorr)ah‘ algrims.v
d
A= SO 17 i L: Ly:|f(x)—y[P hinge (yf(x)—1)F
j=1
e-insensitive { 0

if [f(x)—y|<e
|f(x) —y| —¢ otherwise

Huber's loss: IF(x) — y|? if |[f(x) —y| <t
2t|f(x) — y| — t>  otherwise

PR /w:‘
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Examples of Loss

—— 0/1loss — e insistive

= hinge — 11

— hinge’ \ oL
logistic | — Huber
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the world is changing

The Gaussian Hare and the Laplacian Tortoise
Computability of L; vs. L, Regression Estimators.
Portnoy & Koenker 1997

it
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The consequence of having useful reg. path

> piecewise linearity
— either L or P is L

» [ criteria

= sparsity: a lot of §; =0

sparsity and active constraints

why does L; provide sparsity?

v l@;;"-!
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Definition: strong homogeneity set (variables)

lo=1{je{l,..d} |8 =0}

Theorem

ular if L(3) + A\P(Q) differentiable and if ly(y) # 0

Ve > 0, 3y’ € B(y, ) such that p(y") # lo(y)
Singular if L(8) + AP(B) NONdifferentiable and if lo(y) # 0

Je > 0, Vy' € B(y, ) then lh(y’) = lo(y)

singular criteria = sparsity Nikolova, 2000

singurality provides sparsity
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Lasso and Basis pursuit

Conclusion

000000

i=1
ly = XB|I> < e

Tibshirani, 1996 ; Chen, Donoho & Saunders, 1999 (Basis pursuit);

Donoho et al., 2004 - Tropp 2004
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2d LASSO and sparsity

Isocost lines
L = Constant
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2d LASSO and sparsity

[0 “.W‘ w,‘;‘,\' :
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2d LASSO and sparsity

in red : the
piecewise linear
regularization path

{B]C € [0, Crnax]}
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regularization path algorithm

,BNEW s ,BOLD L ()\NEW - )\OLD)U
> compute u
» find out lp = {j|8; = 0}

active set type optimization algorithm
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B The L, regularization path and its Pareto frontier

B Efficient computation requires sparsity

The LARS as a regularization path algorithm
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Notations

loss: L(B) = |ly — XB|?> = |ly — all®
d
prediction: p = X3 = ijﬁj
=i

X = | X1X2..Xj...Xg

solution:

i =0 e = =0 e e =l g
N———

i /,._ S
\M/ N miversité

correlations
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A forward selection strategy

1 o +71X1

By < B1 + y2w2 : b —j
iy — [ + Y2u2 0 0

|
I3 the set of interesting variables, Iy set of 3; = 0

, ; )
v M’“'? “$4NSR
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LAR: correlation and geometry (V. Guigue)

starting point:




L2 case Computation Algorithms Conclusion
000000 000000000 00@0000000 000000
Laboratoire d'Informatique, de Traitement de Ulnformation et des Systémes

LAR: correlation and geometry (V. Guigue)
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LAR: correlation and geometry (V. Guigue)

stepsize computation, same correlation of residual errors

o
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LAR: correlation and geometry (V. Guigue)
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LAR: correlation and geometry (V. Guigue)

stepsize computation
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The LAR Algorithm

ﬁk+1 = ﬁk +yugr; €R” u=Xw= X/ﬁw/ﬁ

the LAR

1. find out the more interesting variable to add j : Ig = I3 U {j}
2. compute the descent direction (w,u = Xw = X,Bw,ﬁ)

3. compute the stepsize y

2~ [—
- ‘ niverite
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The LAR Algorithm

Biy — By + kWi,

e 8 1,....,d}=13Ul
Hpy1 < Mg+ iUk { b=1s

2. compute the descent direction: second order approach
L\ [ AR\ U
; Vg, LB) = X[y~ @) =,
wi, =H Vg L(8)
’ H= XX
= XX,
-

(X1 Xi5) Wiy = 1L

3. compute the stepsize 7y
to maintain the same correlation: X,;(y —p)=c1

] ot &
e = inse
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what do we have to compute?

3. compute the stepsize 7, O(n(d — k))

& this gives us the next variable to take into account

Xiy—p)=c T & ¢ =max|x(y—p)
L J€b
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0 1000 2000 3000 2 4 6 8 10
S8 — Step k —

Figure 3. LARS analysis of the diabetes study. Left: estimates of regression coefficients 3_7-, j=
1,2,...10; plotted versus E\éj\; plot is slightly different than either Lasso or Stagewise, Figure 1.
Right: Absolute current correlations as function of LARS step; variables enter active set (2.9) in
order 3,9,4,7,..., 1; heavy curve shows maximum current correlation ék declining with k.
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Adaptation of LAR to the LASSO

then ~ is chosen such that ﬂj = 0 and this variable left /3

Theorem 1

with the above adaptation

the LARS gives the LASSO solution path

(AR~ /“_ >
WSt o ROEN iferite
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regularization path - Theorem 7

B(t) = B(to) — (t — to)Ajwy, S is the sign

3. VL(t) = VL() = X[ X, (B(t2) = B(t1)) + (A1 = A2)S), T

& B(t2) = B(t) = (M — X2)Sp, (X1 Xi,) T
4. 51, (B(t2) = B(1)) = 2 — t1 = (M = M)A T AT =17 (X X;,) T

5. /B(tQ) = ﬂ(tl) = (tl = t2) Alﬁ SIB (XIZX/ﬁ)illI
N

Wlﬁ

it is piecewise linear i A sinsn
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LAR(s) summary

— when to stop

» stability issue
— you may prefer to use the stagewise LARS
— the grouped lasso or the elastic net

» curse of dimensionality: LARS is ok up to card(lg) < 10°

—— work coordinate wise or randomise
‘Wx/" o
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2000
2003

boosting as a reg. path algorithm [Rosset et al.]

elstic net [Zou & Hastie], Grouped LASSO [Yuan & Lin]
doubly regularized SVM [Wang et al.], SVR [Gunter & Zhu]
asymmetric costs for SVM [Bach et al]

Kernel LARS [Guigue et al.] v SVM [Loosli et al.], v SVR

[Gasso et al.], OC SVM [Rakotomamonjy et al.], Laplacian
SVM (semi supervised) [Gasso et al.]

2004-07 componentwise algorithms [Friedman et al.], Danzig selector

[Candes & Tao]
wr— d’T
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the OC SVM regularization path [Davy et al.]

» for a given A: a density level set

» both a's and p are piecewise linear in A

» the regularization path gives the whole density
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the OC SVM regularization path

provided by [A. Rakotomamonjy]






exampleoneclassalpha.avi
Media File (video/avi)




exampleoneclass.avi
Media File (video/avi)


L2 case Computation Algorithms Conclusion
000000 000000000 0000000000 000@00
Laboratoire d'Informatique, de Traitement de Ulnformation et des Systémes

Conclusion

» Pareto frontier

» sparsity Lq
» efficent algorithm
» some limits
> instability
large data sets

| 2
» when to stop
> non convexity
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Conclusion

» Pareto frontier

» sparsity Lq
» efficent algorithm
> some limits

> instability coupling with active set
> large data sets randomize
» when to stop derive relevant bounds
> non convexity piecewise linearisation

» more problems, more criteria, more applications

it
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Questions?

Conclusion
[e]e]ee] Je]

LAR(S) (and svmpath) in R www-stat.stanford.edu/"hastie
Matlab asi.insa-rouen.fr/~vguigue/LARS.html

kernlab cran.r-project.org/src/contrib/Descriptions/kernlab.html
SVR Matlab asi.insa-rouen.fr/~arakotom

Danzig selector www.ll-magic.org/

M b=
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