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Tools: the functional framework
m In the beginning was the kernel
m Kernel and hypothesis set
m Optimization, loss function and the reguarization cost
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In the beginning was the kenrel...

a function of two variable k from X x X to R

Definition (Positive kernel)

A kernel k(s, t) on X is said to be positive

» if it is symetric: k(s, t) = k(t,s)
» an if for any finite positive interger n:

n n
V{Oz,'},'zl’n € ]R,V{X,'},':l’,-, e X, Z ZO&,‘O&jk(X,‘,Xj) >0

i=1 j=1

it is strictly positive if for a; 20

i ia;ajk(x,-,xj-) >0

i=1 j=1
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Examples of positive kernels

the linear kernel: s,t ¢ RY, k(s,t) =s't

symetric: s't =t's

n n n n
positive: Z Z ajojk(xi,xj) = Z Z ajayx; x;

i=1 j=1 i=1 j=1

the product kernel:  k(s,t) = g(s)g(t) forsomeg: RY — R,

2

n
§ QX
i=1

i=1 j=1 i=1 j=1

n n n 2
= (Z aig(xi)> (Z Otjg(xj)> = (Z aig(xi)>
im1 = i1

k is positive < & k(s,t) = (ds, Pr)
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Example: finite kernel

let ¢;,j =1, p be a finite dictionary of functions from X to R
(polynomials, wavelets...)

the feature map and linear kernel
X — RP
s — ®=(¢1(s), ..., 0p(s))

Linear kernel in the feature space:

k(s,t) = (61(5), s 0p(5)) " (D1(E), ... Bp(1))

'|

feature map:

e.g. the quadratic kernel: s,t € R, k(s,t) = (s't + b)®

feature map:
_ d(d+1)
®: RY - RPITTE
2 2 2
s - <b:(1,\/551,...,\/ﬁsj,...,\/ﬁsd,sl,...,sj,...,sd,...,\/ﬁs,-sj,...)

p multiplications vs. d + 1
use kernel to save computration
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positive definite Kernel (PDK) algebra (closure)

if ki(s,t) and kx(s,t) are two positive kernels

» DPK are a convex cone: Vai € RY  arki(s,t) + ka(s, t)

» for any measurable function ¢ from X to R k(s,t) = ¥(s)y(t)

» product kernel ki(s, t)ka(s, t)
proofs

> by linearity:

S5 aiog (ke ialif) = o 03 aseha(nf) + 3 3 avaha(i)

i=1 j=1 i=1 j=1 i=1 j=1
n n

» by linearity: ZZ ajoy (V(xi)(x) = (D cih(x; ))( ﬂp(XJ )

i=1 j=1 i=1

> assuming Fpe s.t. ki(s,t) = Zg¢e(s)¢e(t)

Z Z aja ki (xi, xj)ka (i, %j) = Z Z ajaj (D e(xi)be(x))ka(xi, x;))

i=1 j=1 i=1 j=1 4
n

=330 (citbe(xi) (agebe(x)) ka(xix;)

¢ i=1j=1
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Kernel engineering: building PDK

» for any polynomial with positive coef. ¢ from R to IR

¢ (k(s 1))

. y o k(W(s), W(t))
> if ¢ from R to R, is minimum in 0
K(5,8) = (s + 1) — o(s — 1)
» convolution of two positive kernels is a positive kernel

Kl*Kz

» if Wis a function from RY to R?

the Gaussian kernel is a PDK
exp(—[ls —t[|?) = exp(—|Is||* — ||t|> —2sTt)
= exp(—|1s||?) exp(—[[t]|*) exp(2s " t)

> s'tisaPDK and function exp as the limit of positive series expansion,
so exp(2s "t) is a PDK

> exp(—|[s|?) exp(—|[t/|?) is a PDK as a product kernel
» the product of two PDK is a PDK
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an attemp at classifying PD kernels
» stationary kernels, (also called translation invariant):
k(s,t) = ks(s — t)

» radial (isotropic) gaussian: exp (—%) L r=|s—t|
» with compact support
c.s. Matérn : max(o,l - (T”)”) kBi(f), w>(d+1)/2

> locally stationary kernels: k(s,t) = ki(s+ t)ks(s — t)
K1 is a non negative function and K> a radial kernel.

> non stationary (projective kernels):

k(s t) = kp(s't

~—

> separable kernels k(s, t) = ki(s)ko(t
in this case K = kik, where k;

~—

with ki and k»(t) PDK
(kl(xl),...,kl(x,,))
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Kernel sprectral representation

» stationary kernels, (Bochner's theorem):

k(s —t) = /R cos(wT (s~ 1)) F(dw)

with F a positive finite measure
» radial kernels

bls =t = [ olwls—tl) Fldo)
where F is non deacreasing and bounded, and W, a specific function
» non stationary (projective kernels):
kp(s, t) = /R" /R" cos(wy' s — wy t) F(dwr, dw,)

with F a positive bounded symetric measure

‘ Fourier transform may help to design PD kernels ‘
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some examples of PD kernels...

Conclusion

type name k(s,t)
. . 2

radial gaussian exp (—%) , r=|s—tf

radial laplacian exp(—r/b)

radial rationnal 7%

radial | loc. gauss. | max (0,1 — 3—’b)dexp(—%)
non stat. X2 exp(—r/b), r=>3", (s_fﬁté‘k
projective | polynomial (sTt)P
projective affine (s"t+ b)P
projective cosine stt/|Is||tll
projective | correlation exp (”:‘rﬁ —b

Most of the kernels depends on a quantity b called the bandwidth
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the importance of the Kernel bandwidth

for the affine Kernel: Bandwidth = biais
st P
k(s,t) = (s't+ b)P = bP ( —+ 1)

for the gaussian Kernel: Bandwidth = influence zone

1 _ 2
k(s,t) = — exp (—”5202t||> b =20

A

Jiiy
[30% '1\\\
AR

-5 0 5 10
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the importance of the Kernel bandwidth

for the affine Kernel: Bandwidth = biais

Kernels and the learning problem

P
k(s,t) = (st + b)P = bP <Sbt + 1)
for the gaussian Kernel: Bandwidth = influence zone

2
k(s,t) = %exp (—”St”> b =202

202

[llustration
1 d density estimation

+ data

(X1, X2, «vy Xn)

)

— Parzen estimate ;
n

x)=1 Z k(x, x;) .
i=1

I.(
-5 0 5 10
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kernels for objects and structures

kernels on histograms and probability distributions
k(p(x) /k (x))P(x)dx

kernel on strings

» spectral string kernel k(s,t) =32, du(s)Pu(t)

» using sub sequences

» similarities by alignements k(s,t) = > exp(B(s, t, 7))
kernels on graphs

» the pseudo inverse of the (regularized) graph Laplacian

L=D-A A is the adjency matrixD the degree matrix

» diffusion kernels ﬁepr"

» subgraph kernel convolution (using random walks)

and kernels on heterogeneous data (image), HMM, automata...

Shawe-Taylor & Cristianini's Book, 2004 ; JP Vert, 2006
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Gram matrix

Definition (Gram matrix)

Conclusion

let k(s, t) be a positive kernel on X and (x;)i=1,, a sequence on X

the Gram matrix is the square K of dimension n and of general term
K,'J' = k(X,’, Xj).

practical trick to check kernel positivity:
K is positive < \; > 0 its eigenvalues are posivies: if
Ku; = A\ju;;i=1,n

U,TKU,' = A,-u,Tu,- = )\,‘

matrix K is the one to be used
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Examples of Gram matrices with different bandwidth
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different point of view about kernels

kernel and scalar product
k(s, t) = (&(s), #(t))n
kernel and distance
d(s,t)? = k(s,s) + k(t, t) — 2k(s, )

kernel and covariance: a positive matrix is a covariance matrix

P(f) = %exp(—%(f ) TKY(F - fo))

if fp=0and f = Ka, P(ax) = %exp—%aTKa
Kernel and regularity (green's function)

k(s,t) = P*Pds_y for some operator P (e.g. some differential)
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Let’s summarize

positive kernels

v

there is a lot of them

v

v

can be rather complex

v

2 classes: radial / projective

v

the bandwith matters (more than the kenrel itself)

v

the Gram matrix summarize the pairwise comparizons
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Kernels and the learning problem

Tools: the functional framework

m Kernel and hypothesis set

Kernel machines

1 Conclusion
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From kernel to functions

Ho = {f| mr < o0if € Rity € X, (x) = X7 fik(x, 1) }
let define the bilinear form (g(x) = =7 gik(x,s))) :

my Mg

Vf,g € Ho, ( => > fa

j=1i=1

with any postive kernel, a hypothesis set can be constructed H with its
metric
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RKHS
Definition (reproducing kernel Hibert space (RKHS))

a Hilbert space H embeded with the inner product (., .)#; is said to be
with reproduicing kernel if it exists a positive kernel k such that

Vs € X, k(.,s) € HetVf e H, f(s)=(f(.),k(s,.))n

positive kernel < RKHS

» any function is pointwise defined

» defines the inner product

» it defines the regularity (smoothness) of the hypothesis set
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functional differentiation in RKHS

Let J be a functional

J: H— R
Fro J(F) examples: h(f) = ||f||2,J2(f) = f(x),

J directional derivative in direction g at point f

lim  J(f +eg)— J()
e—0 €

dJ(f,g) =

Gradient V(f)

Vy: H H .
A s dJ(f.g) = (V,(F). &)n

J(F)

exercice: find out V,(f) et V4, (f)
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Hint

dJ(f +eg)

dJ(f,g) = e
e=0
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dJl(fag) =

dJQ(f, g)

lim el f)2
e—0 €
lim el gl e (Fg) m— 1112
£

e 0 &V, (f)=2f
m gl +2(fg)
e —0 g ; 8)H

lim  fteg(x)—F(x)

e—0 2

= g(x) & Vu(f) = k(x,.)

= (k(x,.),8)n
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dJl(fag) =

dJQ(f, g)

lim el f)2
e—0 €
lim el gl e (Fg) m— 1112
£
0 o V() =2f
-0 llell? +2(f. g)n
o lim fteg(x)—f(x)
e—0 2
= g(x) & V() =k(x,.)
= <k(X7‘)7g>7‘l

Minimize J(f) <« Vge™H, dJ(f,g)=0 & V, (f)=0

feH
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Remark about the regularity matter: from H to k

How to build H together with k?

g problem

let [;be a family in L2, t € X

define the following maping
Sl’ . L2 g R

g = St(g) = /g(X)rt(X)dX f(t) = St(g) = <g7 rt>L2

the following RKHS can be constructed

H=1Im(S) (f,h)r="_g1,8)2 k(s,t)=(Ts, )2

the reproducing property is verified:

(F() k(s t))m = (&, Te)iz = £(1)
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[« examples and associated kernels

M(u) K(x.y)
Cameron Martin Trciy min (x, y)
d
Polynomial eo(u) + Zx;e,-(u) x'y+1
i=1
x—u)? x—y)?
Gaussian %exp*( 2 %exp*( 2

{ej}j_1 4 are a finite sub sample of an orthonormal basis in L2
=1,
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[« examples and associated kernels

M(u) K(x,y)
Cameron Martin Trciy min (x, y)
Polynomial eo(u) + zd:x,-e,-(u) x'y+1
Gaussian < exp*(kzu)2 % exp*(xiay)2
{ei}i—y,d are a finite sub sample of an orthonormal basis in L*
the Cameron Martin operator:Vf € H,3g € L? such that
f(t) = (Sg)(t) = [ Te(u)g(u) du = [ Ty, g(u) du = G(t)

11l = [1Sgll# = llgll2 = If']2- generalized differential
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[« examples and associated kernels

M(u) K(x.y)
Cameron Martin Trciy min (x, y)
d
Polynomial eo(u) + Zx;e,-(u) x'y+1
x—u)? x—y)2
Gaussian %exp*( 2 %exp*( 2

{ei}i=1,d are a finite sub sample of an orthonormal basis in L2
the Cameron Martin operator:Vf € H,3g € L? such that
F(£) = (Sg)(t) = [ Te(u)g(u) du = [ Tiecyg(u) du = G(t)

11l = [1Sgll# = llgll2 = If']2- generalized differential

integrate S = P! differentialize
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other kernels (what realy matters)

» finite kernels T
k(sv t) = (¢1 (S), B ¢P(s)) (d)l(t)’ - ¢P(t))
» Mercer kernels

positive on a compact set & k(s,t) = 2271 Ajgi(s)o(t)
» positive kernels

> positive semi-definite
» conditionnaly positive (for some functions p;)
n n n

V{xi}icim Voi, > aipi(xi) =0; j=1p, > aiajk(xi,x;) >0

i=1 j=1

> symetric non positive .
k(s,t) = tanh(s 't + ap)

> non symetric — non positive
the key property: V ,(f) = k(t,.) holds

C. Ong et al, ICML , 2004
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Let’s summarize

> positive kernels & RKHS =H < regularity ||f]|2,

> the key property: V ,(f) = k(t,.) holds not only for positive
kernels f(x;) exists (pointwise defined functions)

» universal consistency in RKHS

» the Gram matrix summarize the pairwise comparizons
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Kernels and the learning problem

Tools: the functional framework

m Optimization, loss function and the reguarization cost

Kernel machines

1 Conclusion
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Convex optimization in one slide

» The problem: H is a Hilbert space ( R" or a RKHS)

;ni{_l( J(f) objective
e .
OP q suchthat P(f)<0 i=1,p constraint < min J(f)

and Ri(f)=0 j=1,q

J,P; and R; from H — R
» questions:
» modelization (transformations)
» optimization theory (existence, uniqueness, characterization of
the solution)
» algorithms (no analytical solution)/ implementations

» The importance of being convex:
» convex OP: objective J and constraints P; are convex, R; are
afine
» why convex? It is the solvable class:
=-the solution exists, is unique and can be found efficiently
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examples of convex OP

Linear programming LP (standard form)

in ' in (f,k
o C X ep (K
s.t. Ax=Db st. Tf=y
and x>0 (; >0, i=1,n) T : H — IR" linear

Linear objective and linear constrains

Quadratic programming QP min ix" Cx —d'x
xeR"
st. Ax=<b

quadratic objective and linear constrains

Second order cone programming SOCP

min ¢ x
xcR"
s.t. [JAix — b2 < d;'—x +e, i=1p second order cone constraint

and Fx=g
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Convex optimization in three slides

min  J(f) primal objective
. _ feH
> Initial problem (primal): ¢ s't. Pi(f)<0 i=1,p
and Ri(f)=0 j=14q
p q
» Lagrangian: L(f,a,3) = J(f) + . Pi(f) + Ri(f
grangian: L(f, 8 ()’;%()’;ﬂ“()

» Lagrange dual function: Q(«,3) = rr:ry} L(f, o, B)

» Lagrange dual function with linear constraints Tf =y,p =0
Rla)=—-y a—J(-T ) where J* denotes the conjugate
» and for any feasable f (such that P,-(?) <0 and R,-(?) =0)
Qav.B) = min L(f,ex. B) < L(f,ex. B) < J(F)
€
max Q(a, B)

» Lagrange dual problem: oS
st. a=<0
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Convex optimization in four slides

Optimality conditions (Karush-Kuhn-Tucker KKT conditions):
p q
Ved(F)+ ) i VePi(f) + ) BVeR(f7) =0
* * * i=1 i=1
f,a”, B Pi(f*) =0
optimum Rj(f*) =0
af >0
aifPi(f*) =0

duality gap:
J(f*) = Q(a”,B%) =0;

Optimization summary

1. (try to) transform your problem in a convex one (standard form)

2. more variables or more constraints: is the dual simpler?
3. solve it: check the KKT conditions
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loss function: the fitting cost

0 H,XY — R
fox,y = Uy, f(x))

Regular singular
logistic hinge
log (1 + exp—yf(X)) (yf(x) — 1)
Convex L2-gaussian L1-laplacian
(f(x) —y)? f(x) -y
sigmoid 0/1
NON convexe 1 — tanh(yf(x)) sign(f(x)) — y)
Cauchy Lp - square root
08(1 4+ (F0) —y)) | 1)~y

(x)+ = max(x,0)
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Fidelity to the data: loss function

——0/1 loss
hinge

quadratic
----- logistic
sigmoid

classification loss
regression loss

'y
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regularity criterion: regularization

Problem: 7 is too big...

let So = {f eEH | 27:1 f(f,x,-,y,-) = O}

the problem is ill posed: solution is not unique.
we have to choose one! f; minimal norm solution min I£11?
€50
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regularity criterion: regularization

Problem: 7 is too big...
let S() = {f eEH | 27:1 f(faxid/i) = O}

the problem is ill posed: solution is not unique.
we have to choose one! f; minimal norm solution min I£11?
0

|

regularized: build a

a sequence of problems whose solution f, converges towards f;

3 way to do it: .
1. penalization R(f): giﬂ(;é(f,x;,y;),l?(f))

2. subspace Hy; C ... Hk... C'H : frgwk;af,x;,yi)

3. iterative approach: gradient (Landweber-Friedman) or conjugate
gradient (Krylov subspace)
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penalization choice

regular singular

Lo Ly
convex
1113 (I
normalized-SCAD c )
non convex Z %2 p’||'f|)| <
2

- 1+ o; p

Iflf = a"Ka  f(x) = aik(xx;) [Iflx=)_lail,
i=1 i=1

n

I1£15 =D lel?

i=1

no more convex when p < 1

J. Weston et al. JMLR 03, A. Ng ICML'04
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an attemp at classifying some Kernel learnig algorithm

| ¢ | h(H) | Regresion | Classification |
sing. | sing.L; | K Danzig Selector LP SVM
: K LASSO
reg. | sing.Lq K LARS K reg. log. L1
sing. | reg. Lo SVR SVM
. K-logistic reg.
reg. | reg. Lo Splines Lagrangian SVM

Table: SVM and SVR stand for support vector machine and support
vector regression. LP linear programming, LARS Least angle regression
stagewise and reg. log. logistic regrssion. K. represent the kernelize
version o fthe linear algorithms..
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The Gaussian Hare and the Laplacian Tortoise
Computability of ¢1 vs. ¢» Regression Estimators.
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(1 gives sparsity: even faster!

Definition: Strongly homogeneous sets (variables)

lo={ie{1,..,d}| B =0}

Théoreme

Regular if S(3) + AT () differentiable in 0 with o(y) # ()

Ve > 0, 3y’ € B(y, ¢) such that Ip(y’) # lo(y)
Singular if S(8) + AT (8) NON differentiable in 0 with lp(y) # 0

Je > 0, Vy' € B(y, €) we have Ih(y') = h(y)

a criteria is non smooth at zero = sparsity
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let’s summarize

» hypothesis k et H
» data fidelity (loss): ¢ convex
» regularity: learning as a multicriterion optimization

» (1 = sparsity + convexity = some efficency
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Conclusion
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